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Let Q be an affine quiver and let n be the positive part of the affine Lie algebra associated to 
Q. We provide a construction of n using the semistable irreducible components in the Lusztig 
nilpotent variety associated to Q. This confirms the main conjecture of [I3] on defining the 
so-called algebra of BPS states on the minimal resolution of a Kleinian singularity. Using 
O [ the results of |7j, we show that our construction is closely connected to Kac's constant term 
^ ■ conjecture in the case of an affine quiver. 



1. Introduction 

Let r be a finite subgroup of SL{2, C). It is known that the Kleinian singularity C^/F ad- 



mits a unique crepant resolution p : C^/F — )■ C^/F. Moreover, the exceptional divisor p^^{0) 
. is known to be a tree of P^'s with intersection matrix that is the negative of the Cartan ma- 
trix associated to some simply-laced Dynkin graph Q. The classical McKay correspondence 
relates Q (or more precisely, the extended Dynkin diagram Q obtained from Q) to the repre- 
sentation ring of the group F. Kronheimer [25] and Cassens-Slodowy [4J have shown that the 

varieties C^/F,C^/F, and p~^(0) can all be expressed as moduli spaces of representations of 
^ ' the preprojective algebra Fig associated to Q. In particular, the exceptional divisor p^^(O) 
^ ■ corresponds to the moduli space of nilpotent, semistable (5-dimensional representations of 
^ ■ IIq. Here S is the first imaginary root associated to Q. For a general dimension vector a, the 
moduli space of nilpotent a-dimensional representations of Uq is known as Lusztig's nilpo- 
tent variety A^^. When a is indivisible, the number of semistable irreducible components in 
Aa is equal to the dimension of the root space Qa of the Kac-Moody algebra g associated to 
CN Q. It is a natural question whether it is possible to realize the positive part n C g using the 
■ semistable irreducible components in different A^'s. 

. A construction of the Lie algebra n using the semistable irreducible components in Aq, 
^ I has been suggested by string theorists [10]. In the physics setting, the semistable irreducible 

'. components in A^ correspond to BPS states on the crepant resolution C^/F. The algebra 
structure of the set of BPS states was first suggested in [15] due to the similarity between 
certain one-loop integrals and the denominator formulas of the corresponding Kac-Moody 
algebra. A mathematically rigorous version of the construction of [TOJ is conjectured but not 
proved by Frenkel-Malkin-Vybornov [13]. This construction involves a restriction of the Hall 
algebra multiplication for H^^-mod to semistable elements. In this paper, we confirm the 
main conjecture of |13j. Our main result can be formulated as follows: 

Theorem 1. Let denote the subalgebra of the Hall algebra of YlQ-mod generated by 
the elements {[Si]\Si C Rep(IlQ,ai),i G Qo}- Let C Hq denote the vector subspace 
consisting of constructible functions supported on semistable irreducible components. Then 
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the restriction of the commutator in Hq to defines a Lie bracket. Moreover, Hi? equipped 
with this bracket is isomorphic to n. 

The isomorphism between n and H?^ complements Lusztig's construction Section 12], 

which defines an isomorphism : U{n) ^ Hg. Recently, Kontsevich-Soibelman [23] have 
defined a version of the Hall algebra related to Lusztig's construction of the canonical basis 
that is thought to encode the algebra structure of the set of BPS states. Their construc- 
tion uses cohomology spaces of moduli stacks of objects rather than constructible functions. 
These constructions are related by the fact that the semistable irreducible components in 

index a basis for the cohomology space H'^{£? /T). 

In general. Hall algebras provide a framework for studying Donaldson-Thomas type invari- 
ants, which are thought to "count" BPS states. The fact that the product in H^^ is given 
by multiplication in the Hall algebra is important due to the functorial properties of Hall 
algebras (see e.g. [5]). As shown by Kapranov-Vasserot [20], the McKay correspondence lifts 
to a derived equivalence 

Rp2,RHom{Os, ■) : D^CohiC^)) D\Cohr{C^)) 

Moreover, there is an equivalence Co/ir(C^) = H^-mod. Physicists suggest that string theory 

on the crepant resolution C^/F should be related to string theory on the Kleinian singularity 
C^/r. Similar predictions have been made relating the Donaldson- Thomas type invariants 
of CY3 orbifolds and their crepant resolutions [5]. Determining the structure of the Hall 
algebras of categories such as Hg-mod should play an important role in the understanding 
of these conjectures. 

In addition to these (conjectural) applications. Theorem 1 also has important implications 
for Kac's conjecture, which we now discuss. Let Q = {Qo,Qi, s,t) be any finite quiver 
without loops. Here Qo denotes the set of vertices, Qi denotes the set of arrows, and the 
maps s,t : Qi Qo assign to each arrow their starting and terminal vertices, respectively. 
Associated to such a quiver Q with = n vertices is the nxn Cartan matrix (qj) defined 
by 



Ci 



2 if^=j 
^"'^ \ e Qi ■■ (s(a),t(a)) = (i,j) or {j,i)} ii i ^ ] 

One can then associate to (cjj) a Kac- Moody algebra g. In [18], Kac proved that Q has 
an indecomposable representation in dimension a G N*^" if and only if a is a positive root 
of Q. Furthermore, there is a unique isomorphism class of indecomposable representations 
corresponding to each real root and there are several isomorphism classes corresponding to 
each imaginary root. When the base field k is algebraically closed, the isomorphism classes of 
indecomposable representations corresponding to each imaginary root form an infinite family. 
However, over finite fields one can hope to relate these isomorphism classes to the root space 

0a- 

Let k = ¥q and let act{q) denote the number of isomorphism classes of absolutely inde- 
composable representations of Q in dimension a. Recall that a representation is said to be 
absolutely indecomposable if it is indecomposable over every field extension of the base field 
k. In [in], Kac proved that a„(g) is a polynomial in q with integral coefficients. Moreover, 
he made the following conjecture: 
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Conjecture 1.1. ([19j) Let Q be a finite quiver without loops and let a be a positive root 
of tlie Kac-Moody algebra g associated to Q. Then 

a) a„(g) G N[g] 

b) aQ,(0) = dim0Q, 

After decades of little progress, this conjecture was proved for indivisible dimension vectors 
by Crawley-Boevey and Van den Bergh [7]. Conjectures 1.1. b and 1.1. a were proved in full 
generality by Hausel [16] and Hausel-Letelher- Rodriguez- Villegas [17], respectively. Kac's 
conjecture was known in the case of Dynkin and affine quivers at the time of [19] due to 
earlier work [HI [9[ HH [29] , however it was not known to hold for any wild quiver until the 
work of Hausel et al. 

Conjecture 1.1. a is suggestive of a cohomological interpretation of the polynomials aa{q). 
However, the moduli stacks Rep"'*'((5, a)/ /GL{a) are not representable and any generaliza- 
tion of the Grothendieck-Lefschetz trace formula [H |22] to this setting counts isomorphism 
classes with multiplicity. Crawley-Boevey and Van den Bergh [7] bypass this difficulty by 
relating the absolutely indecomposable representations of Q to the semistable representations 
of the preprojective algebra Uq = CQ/X]['3,a*] associated to Q. Explicitly, they prove that 

d 
i=0 

when a is an indivisible dimension vector. Here Xs is the moduli space of semistable a- 
dimensional representations of the preprojective algebra Hq and d = dim Xs/2. It follows 
from this formula that the constant term aa{0) counts the number of semistable irreducible 
components in Lusztig's nilpotent variety A^. The authors of |7| pose the following question: 
Question. Can one establish an explicit bijection between the (semi)stable irreducible 
components in Aq and a basis for riQ,? 

Theorem 1 gives a positive answer to this question when Q is affine. The construction of 
Hq can be seen to give a conceptual explanation for Kac's constant term conjecture (Con- 
jecture 1.1. b) in the case of an affine quiver. Although n has been constructed from the 
indecomposable representations of an affine quiver [12], without the cohomological interpre- 
tation of aa{q) the connection between n and the constant terms aa{0) is ad hoc. The link 
between the constant terms aa{0) and the semistable irreducible components in Aq is also 
especially direct in the case of an affine quiver. When the orientation of Q is chosen such that 
each vertex is either a source or a sink, it should be possible to reformulate our construction 
of n entirely in terms of the McKay correspondence (i.e. in terms of representations of F, cf 
[27]). We hope to consider this problem in a future paper. 

The paper is organized as follows: In section 2, we review the representation theory of 
affine quivers, including the proof of Conjecture 1.1 in this special case. In section 3, we 
discuss different moduli spaces of quiver representations and explain the connection between 
aa{0) and the semistable irreducible components in Lusztig's nilpotent variety A^,. In section 
4, we return to the case when Q is an affine quiver. We discuss different constructions of n, 
and finally construct n using the semistable irreducible components in A^ (Theorem 1). 

Acknowledgements. I am grateful to my advisor. Professor Mikhail Kapranov, for his 
guidance and ongoing support. I would also like to thank Professor Igor Frenkel for many 
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interesting and helpful conversations. Finally, I would like to thank Professor Emmanuel 
Letellier for directing me to }^7\ for the proof of Conjecture 1.1. a. 

2. Kac's conjecture for affine quivers 

2.1. AfRne root systems and Coxeter transformations. Let Q = {Qo,Qi, s,t) be an 
affine quiver, i.e. a quiver with underlying graph an extended A-D-E Dynkin diagram that 
has no oriented cycles. The Euler form e : Z*^" x Z*^" — )■ Z of Q is the biadditive form defined 
by 

<^^^^j) = [ _^{aeQ,:{s{a),t{a)) = {z,j)} iU ^] 

for i,j G Qq. Here ctj and Uj denote the standard basis vectors in corresponding to i and 
j. The symmetrized Euler form (, ) : 7P° x — )■ Z is defined by (a, /3) = e(a, /3) + e(/3, a) 
and the Tits form q : — t- Z is defined by q{a) = e{a,a). Note that the entries of 
the Cartan matrix associated to Q are given by Cij = {ai,aj). Vectors a G Z'^° satisfying 
q{a) < 1 are referred to as roots and the standard basis vectors G i G Qo are referred 
to as simple roots. Roots which belong to are referred to as positive roots. Denote the 
set of roots by A{Q) and the set of positive roots by A+((5). To each simple root there is an 
associated automorphism Sj G Aut(Z'^°) given by 

Si{f3) = (3 - {f3,ai)ai 

for P G Z*^". Because Q is assumed to have no loops, each automorphism Si has order 2 
and we refer to these as simple reflections. The roots obtained from simple roots by simple 
reflections are referred to as real roots and all other roots are referred to as imaginary roots. 
Denote the set of real and imaginary roots by A^^((5) and A^"^[Q). Because Q is affine, there 
is a unique imaginary root 6 such that rad{q) = Z(5 and such that all imaginary roots are 
of the form m6 for m G Z. A vertex e G Qo is called an extending vertex if 6e = 1. Any 
affine quiver Q contains an extending vertex, which in general is not unique. By removing an 
extending vertex from Q, one obtains a (non-extended) Dynkin quiver of the same type as Q. 
The afflne Coxeter transformation c : Z*^" — )■ 7P° is a product of all simple reflections that 
satisfies e(a, /3) = —e{/3, ca) for all a, /3 G Z*^". Note that ca = a if and only if a G Z5. Roots 
for which the affine Coxeter transformation c acts periodically are referred to as regular roots 
A'^^^{Q). All other roots are referred to as irregular roots A*''''(Q) and these are related to 
simple roots by repeated application of c. Note that A™((5) C A'^'^^{Q) but real roots 
may be regular or irregular, depending on the orientation of Q. A criterion for distinguishing 
between regular and irregular roots can be given using the defect d : — t- Z. This is 
defined by 

(9(a) = e{6, a) 

A root a G A{Q) is regular if and only if d{a) = 0. 

Associated to Q is the affine Kac-Moody algebra g. This is an infinite-dimensional Z*^"- 
graded Lie algebra. For a given a G Z'^°, the subspace Qa is non-empty if and only if a = 
or a is a root. When a is a root, the dimension of is called the multiplicity of a. Real 
roots have multiplicity 1 and imaginary roots have multiplicity n when Q has n + 1 vertices. 
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The vector space 

n = Sa 

aeA+(Q) 

forms a Lie subalgebra of q. It can be constructed as the quotient of the free Lie algebra on 
the generators {ejjjgQo over C by the Serre relations 

(arf(e.))i--(e,) = 

for i ^ j. 

2.2. Representation theory of afRne quivers. Recall that the category of representations 
of Q over k is equivalent to the category of /cQ- modules, where kQ is the path algebra of Q. Let 
kQ-mod denote the category of left fcQ-modules and let mod-kQ denote the category of right 
/cQ-modules. The duality functors D : kQ-mod — )■ mod-kQ and D : mod-kQ — )■ kQ-mod 
are defined by D{X) = Hom(X, /c). To each vertex i & Qq we can associate a simple 
representation Si given by {Si)i = k and {Si)j = for j ^ i. Because Q is assumed to have 
acyclic orientation, the set {5'j}igQ(, is the full set of simple representations of Q. Therefore, 
we can identify the Grothendieck group Ko{kQ-mod) with and to each representation 
X G kQ-mod we can associate a dimension vector dim (X) G Z*^". Note that 

dim Hom(5'j, 5*^) = 6ij 

and 

dim Ext\S,,Sj) = #{a G Qi : (s(a),t(a)) = 

It follows that 

dim Hom(5'i, Sj) — dim Ext^(5'i, Sj) = e( dim (Si), dim (Sj)) 
for any z, j G Qo- In fact, using dimension shifting, one can show that this holds in general: 
dim Hom(M, A^) - dim Ext^(M, A^) = e( dim( M) , dim( N)) 

for any M,N G kQ-mod. In addition to the representations {Si}, also associated to each 
vertex i G Qo is the projective (respectively, injective) indecomposable P{i) (respectively. 
This has as a basis the set of paths starting (respectively, terminating) at i. These 
form the full set of isomorphism classes of projective (respectively, injective) indecomposable 
representations of Q. 

Definition 1. The Auslander-Reiten translation r : kQ-mod — ?■ kQ-mod is defined by 
t{X) = DExt^{X,kQ). The inverse Auslander-Reiten translation : kQ-mod — )■ kQ-mod 
is defined by t-{X) = Ext\D{X), kQ). 

The Auslander-Reiten translation defines an equivalence from non-pro jective indecompos- 
ables to non-injective indecomposables and the inverse Auslander-Reiten translation provides 
its quasi-inverse. Using the fact that Ko^kQ-mod) = Z*^", r (together with the Nakayama 
functor, which we have not defined) can be seen to give a categorification of the affine Coxeter 
transformation c. For non-pro jective indecomposables X G kQ-mod, the Auslander-Reiten 
translation r satisfies dim (T(X)) = c( dim ( X)) . It is known that r and r~ can be expressed 
as compositions of the Bernstein-Gelfand-Ponomarev reflection functors [21 , which categorify 
the simple reflections s,. 
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Definition 2. An indecomposable representation X G kQ-mod is said to be preprojective if 
T^{X) = for some and preinjective if (r~)^(X) = for some A^. An indecomposable 
representation that is not preprojective or preinjective is referred to as regular. 

Note that any projective indecomposable X is preprojective, as t(X) = 0. Similarly, any 
injective indecomposable is preinjective. Decomposable representations of Q are said to be 
preprojective, preinjective, or regular if each of their summands is a preprojective, preinjec- 
tive, or regular indecomposable, respectively. Denote the full subcategories of preprojective, 
preinjective, and regular modules by V,T, and TZ. For an abelian category A with full 
subcategories B,C C A, we write 

if Hom(y, X) = Ext^(X, y) = whenever X G B and Y E C. Using basic properties of r 
and r^, one can show that 

It follows that the category of regular modules is closed under extensions. 

Proposition 1. A representation X is regular if and only if d( dim ( X)) = and d( dim (Y)) < 
for allY C X. 

Proof. If M is a regular indecomposable, then dim (M) must be a regular root. Hence, 
d( dim (M)) = 0. By the additivity of the Euler form, d( dim (X)) = for any regular module 
X. If y is a submodule of X, then Y must be either preprojective or regular. If Y is 
preprojective, then 

d(dim(Y)) = e(6,dim(Y)) = -e(dim(Y)J) = -(dim Hom(y, Z) - dim Ext\Y, Z)) 

for some regular indecomposable Z G Rep(Q,5). Assuming that y is a submodule of a 
regular module, it is possible to choose Z such that Hom(y, Z) ^ (in fact, this holds for 
any preprojective indecomposable Y). Because V ~< I, we have Ext^ {Y,Z) = and hence, 
d( dim (Y)) < 0. One can show by similar arguments that for any preinjective indecomposable 
W, d(dim(W)) > 0. 

Now assume that a representation X satisfies d( dim (X)) = and d( dim (Y)) < for all 
Y G X. Then it cannot admit any preinjective submodules. Moreover, by the additivity of 
d, it cannot admit any preprojective summands. Therefore, it must be regular. 

□ 

Preprojective and preinjective indecomposables can be obtained from simple representa- 
tions by repeated applications of r and r~ and they are relatively well understood. Regular 
indecomposable modules are generally difficult to classify, however in the case of an affine 
quiver they have been described by Dlab-Ringel [9]. Specifically, it is shown that the set of 
regular indecomposable modules breaks up into a disjoint union of tubes, which are uniserial 
subcategories that are closed under extensions. The set of tubes is indexed by the projec- 
tive line F^{k) and there are no non-trivial morphisms or extensions between different tubes. 
Moreover, each tube is stable under the Auslander-Reiten translation r. If t{X) = X for 
all objects X in a tube, then it is said to be homogeneous. Otherwise, it is called non- 
homogeneous and r^(X) = X for all objects X in the tube for some period N. At most 3 
tubes are non-homogeneous and the set of non-homogenous tubes together with their periods 
is called the tubular type of Q. Considered as categories, each tube contains a set of simple 
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objects that are referred to as regular simple objects. Note that these are not simple objects 
in kQ-mod, however over an algebraically closed field k they are bricks, i.e. they satisfy 
End(X) = k. In homogeneous tubes, there is a unique regular simple object in dimension 6 
up to isomorphism. For non-homogeneous tubes, there are N different isomorphism classes 
of regular simple objects whose dimension vectors correspond to real roots a < 6. Here is 
the period of r acting on the tube. The functor r acts transitively on the isomorphism classes 
of regular simple objects in a non-homogeneous tube and for any regular simple object X 
there is an equality 

dim(X) + dimirjX)) + dim(r^(X)) + ■■■ + dim{T^-\X)) = 6 

The fact that each tube is uniserial means that each regular indecomposable object has a 
unique composition series consisting of regular simple objects. Furthermore, it is known that 
each regular indecomposable is uniquely determined by the length of its composition series 
and its top. A non- homogeneous tube with period N contains isomorphism classes of 
regular indecomposables in dimension m6 for any m G N. 

The results of [9] can be formulated as proving the existence of a collection of fully faithful 
functors ■ Rep™'(C7vJ -> Rep(Q) parameterized by z G P^(/c). Here C^^ is either the 
Jordan quiver for A^^ = 1 or the cyclic quiver of length A^^ for A^^ > 2. Note that we only 
consider nilpotent representations of C^^, i.e. those for which there exists some M such that 
the composition of any path of length > M is zero. Equivalently, we consider representations 
which have composition series consisting of simple representations associated to the vertices 
of Cn^- The image of each functor Cz is the tube indexed by z G F^{k). When A^^ = 1 the 
corresponding tube is homogeneous and when A^^; > 2 it is non- homogeneous with period A^^. 
The images of the simple objects in C^^ are the corresponding tube's regular simple objects. 
Moreover, if the dimension of a representation X G Rep"*'(CAr^) is the first imaginary root 
of Cm^, then the dimension of Cz{X) is the first imaginary root of Q. 

The parameterization of the tubes in Rep(Q) by P^(/c) is fixed by a choice of extending 
vertex e. Explicitly, each tube contains a unique (up to isomorphism) indecomposable X 
in dimension 6 such that the top of X is supported on e. These indecomposables are then 
parameterized by maps from the projective indecomposable -P(e) to a fixed indecomposable 
representation in dimension dim (P(e)) + 6. This parameterization can be formulated in 
terms of a fully faithful functor /C : Rep(i^r) — )■ Rep(Q), where K is the Kronecker quiver. 
The functor /C takes the simple object P{1) G Rep{K) to the projective indecomposable 
P(e) G Rep(Q). 

For a an irregular root, let Pa denote the unique isomorphism class of indecomposables 
in dimension a. For a non- homogeneous tube of period A^^, we can label the regular simple 
objects by elements j G Z/A^'^Z. Let {Pz,j,i}jez/N^z denote the isomorphism classes of regular 
simple objects in such a tube and let Pz,j,i denote the unique isomorphism class of regular 
indecomposables with length / and top isomorphic to Pz,j,i- For a homogeneous tube indexed 
by z, let Pz,i,i denote the unique isomorphism class of indecomposables of length /. 

Proposition 2. (]9] j Let Q be an affine quiver with n + 1 vertices. Then the set 
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is the full set of isomorphism classes of indecomposable representations of Q. In particular, 
the set 

is the full set of isomorphism classes of indecomposable representations in dimension mS. 
The periods satisfy the following identity: 

2GPi{A:) 

Setting k = Wq, one obtains 

Nz = q + n = q + dim qs 

From the statements above, we know that this is the total number of indecomposable rep- 
resentations in dimension 6. Because 6 is indivisible, this is also the number of absolutely 
indecomposable representations in this dimension and hence as{q) = dim gs + q. This con- 
firms Kac's conjecture for dimension 6. There is a bijection between indecomposable (and 
hence, absolutely indecomposable) representations in dimension m6 and indecomposable rep- 
resentations in dimension 6. Therefore, ams{q) = (^siq)- Because dim qs = dim q^s, Kac's 
conjecture follows in this well. 

3. Lusztig's nilpotent variety and 00,(0) 

3.1. Moduli of representations. Let k be an algebraically closed field. It is known that 
in this case any finite-dimensional basic /c-algebra is isomorphic to a quotient kQ/I for 
some two-sided ideal / C kQ. The pair {Q, I) is called a quiver with relations. Note that 
Ko(Rei){kQ)) = Ko(Re'p{kQ / 1)) = Z'5°. For a E N^°, one can consider the affine variety 

Rep(g,a) = Hom(A;^("\A;*(")) 

a6Qi 

The group GL{a) = Ili(zQ^^GL{ai) acts on Rep(Q, a) by simultaneous conjugation, li A = 
kQ/I, then we denote the subvariety of Rep(Q, a) corresponding to representations of A by 
Rep{A,a). The action of GL{a) preserves Rep{A,a) and its orbits correspond to isomor- 
phism classes of a-dimensional representations of A. The affine quotient Rep(A, a) / GL{a) : = 
Spec(/c[Rep(A, a)]*^^*^")) parameterizes closed orbits, which correspond to isomorphism classes 
of semisimple a-dimensional representations. The quotient map Rep(y4, a) — )■ Rep(A, a) / GL{a) 
is a principal GL( a) -bundle and it identifies representations with the same Jordan-Holder 
series. 

Following King ^23], one can also consider the geometric invariant theory quotients of 
Rep(A, a). The only choice of line bundle in this case is the trivial bundle R.ep{A,a) x k, 
however one can twist the action of GL{a) by a character to define different linearisations. 
Any character of GL{a) is determined by a weight O G Z'^" and is of the form 



Xig) = nigQo(det(^i)) 
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For a character x '■ GL{a) — )■ k*, the twisted action of GL{a) on the hne bundle Rep{A, a)xk 
is given by g ■ {x, z) = {g- x, X~^{9) ' The geometric invariant theory quotient of Rep(A, a) 
with respect to this hnearisation is defined by 

Rep{A,a)/^GL{a) = Proj(©„>oA;[Rep(A, a)]^^^^")'^")) 

where k[Rep{A,a)Y^^^''^^^"'^ = {/ e k[Rep{A,a)]\f{g ■ x) = G GL{a)}. 

A representation V G Rep(y4, a) is said to be x-semistable if there exists a semi-invariant 
polynomial / G A;[Rep(A, for some n > such that f{V) 7^ 0. A x-semistable 

representation is said to be x-stable if in addition the orbit GL{a) ■ W is closed and is of 
dimension dim(GL(a)) — 1. The set of x-semistable representations forms an open sub- 
set Rep*'^(y4,a) of Rep(y4,Q;) and the set of x-stable representations Rep^{A,a) forms an 
open subset of Rep*'^(A, a). The quotient Rep{A,a)/^GL{a) parameterizes closed orbits 
in Rep*'^(y4, a). The quotient map Rep^'^{A,a) — )■ Rep{A,a)/^GL{a) is again a principal 
GL(a)-bundle and it identifies points whose orbit closures intersect. 

Now let G G Z*^" be a weight and let x be the associated character. Define a bilinear form 
(, ) on by {ai,aj) = 6ij for i,j G Qo- We say that a representation V G Rep(Q,a;) is 
Q-semistable (resp., Q-stable) if (6, dim (V')) < (resp. (9, dim (V')) < 0) for all proper 
subrepresentations V C V. King has proved the following theorem: 

Theorem 2. ([23\) A representation V G Rep{A,a) is x-seTnistable (resp., xstable) if and 
only if it is Q-semistable (resp., Q-stable). 

We refer to a weight 6 G = Ko(Rep{A)) as a stability condition on the cate- 

gory Rep(A). Note that the choice G G 1^^° is equivalent to a choice of homomorphisms 
A : -ft'o(Rep(A)) — )■ Z. As is clear from the theorem, different stability conditions deter- 
mine different stable and semistable representations. However, we drop the prefix 0- when 
there is no confusion. It follows from the theorem that all simple representations are sta- 
ble and all stable representations are indecomposable. For a fixed stability condition, the 
collection of semistable representations forms a full abelian subcategory of Rep{A). The 
simple objects in this subcategory are the stable objects and each semistable object has a 
Jordan-Holder filtration with stable composition factors. Two semistable representations are 
said to be S- equivalent if their composition factors are the same. A semistable representa- 
tion is said to be polystable if it is a direct sum of stable representations. The polystable 
representations give the closed orbits in Rep''*(y4, a) and every semistable representation is 
S-equivalent to a polystable one. The quotient Rep'^^{A,a)/^GL{a) forms a coarse moduli 
space for families of semistable representations up to S-equivalence. Moreover, the open sub- 
set Rep'^(y4, a)/^GL{a) forms a coarse moduli space for families of stable representations up 
to isomorphism. When the dimension vector a is indivisible, Rep^{A,a)/^GL{a) is a fine 
moduli space. 

The inclusion 

A;[Rep(yl,a)]^^(") A;[Rep(A, 

n>0 

induces a projective map 

TT : Rep{A,a)/^GL{a) -)■ Rep{A, a)/GL{a) 
In the case that Q has no oriented cycles, 

k[Rep{Q,a)f^^"^ = k 
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and the quotient Rep(Q, a)/^G'L(Q;) is projective. In general, the subscheme vr~^(0) pa- 
rameterizes semistable representations that are nilpotent. For k = C, there is a homotopy 
equivalence between Rep{A, a) / ^GL{a) and 7r~^(0). 

3.2. Preprojective algebras and aa{q). Now consider the double quiver Q. This is the 
quiver obtained from Q by adding a reverse arrow a* : j i for each arrow a : i ^ j E Qi. 
The affine variety Rep(Q,a) is equipped with a symplectic form 

{x,y) = ^ tr[xa,ya*] 

aeQi 

and it can be viewed as the cotangent space of Rep(Q,a). The moment map associated to 
the action of GL{a) is the map fi : Rep{Q, a) — t- UazQ^^Ql^ai) given by 

aGQi,s(a)=i aGQi,t{a)=i 

for i e Qq. Associated to Q is the preprojective algebra Uq defined by 

^Q = kQ/{ Yl f-f-'- E f-^f-"^ 

a£Qi,s{a)=i a(iQi,t(a)=i 

For any a G N'^", the representation space Rep(nQ,Q;) is the set /i^^(O) C Rep((5,a). Let 
Aa denote the space of nilpotent representations in Rep(nQ,a). This is known as Lusztig's 
nilpotent variety. Lusztig has shown that Aq, is a Lagrangian subvariety of the symplectic 
vector space Rep(Q,a). 

Given an element A G one can also define the deformed preprojective algebra IIq by 

aGQi,s{a)=i a^Q\,t{a)=i i(zQo 

The weight A defines an element (Aj/q.) G Iii(zQ^^Q{.i{ai) and the representation space Rep(nQ, a) 
can identified with the set /i~^(A). Moreover, A defines a stability condition on both IlQ-mod 
and IlQ-mod. We say that A is generic with respect to a G N*^" if (A, a) = and (A, /3) 7^ 
for all < /3 < a. Such a stability condition always exists when a is indivisible. It is clear 
that no representations are strictly semistable with respect to a generic stability condition. 
Crawley-Boevey and Van den Bergh have proved the following: 

Theorem 3. (]7]j Let a be indivisible and choose A to be generic with respect to a. Set 
k = ¥q for q = p^ and let Xg = Repiliq, a) / \GL{a) and Xx = RepiYlg, a) / xGL{a) . Then 
for t ^ 0, we have 

«;a„(g)=g(°'")-iXA(F,) 

b) Xx{¥,) = Xs{¥,) 

Using the Grothendieck-Lefschetz formula and the Artin comparison theorem, one can 
then obtain Crawley-Boevey and Van den Bergh's formula for aa{q)- Over A; = C, we have a 
homotopy equivalence between Xg and A^/ \GL{a). It follows that the constant term aa{0) 
counts the number of top-dimensional components in A^/ \GL{a). Because A^ is Lagrangian 
and the map Aq, — )■ A^/ \GL{a) is a principal GL(a)-bundle, this is equal to the number 
of A-semistable irreducible components in Aq,. Using slope semistability [501 E3] and the 
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Harder-Narasimhan filtration, together with the fact that | Jrr Aq,| = dimf/(n)„ [211128], one 
can show that the number of A-semistable irreducible components in is equal to dim Uq,. 

4. The algebra of BPS states 

4.1. The Frenkel-Kac cocycle. Now we specialize again to the case of an affine quiver. Let 
k = C and let F be a finite subgroup of SL{2, C). Associated to F is an affine Dynkin diagram 
Q, as well as the ordinary Dynkin diagram Q obtained by removing an extending vertex from 
Q. The affine quotient Rep(nQ, 6)/GL{6) is isomorphic to the Kleinian singularity C^/F. For 
generic stability conditions, the projective maps 

TT : RepiUQ, 6) /^GL{6) RepiU^, 6) /GL{6) 

are crepant resolutions and the fiber 7r~^(0) is isomorphic to As/x^GL{6). When x is not 
generic, the moduli space Rep(IlQ,6)/^GL{6) is singular and vr gives a partial resolution of 
C^/F. As described in the introduction, our goal will be to give the semistable irreducible 
components in A^^ for various a G A+(Q) a Lie algebra structure isomorphic to n. We recall 
a presentation of n due to Frenkel-Kac [llj that is more amenable to this question than the 
standard presentation using Serre relations. 

Let Q = {Qo,Qi, s,t) be an affine quiver. For each positive real root a, let xf^{Q) = Ce„ 
be a one-dimensional vector space, and for each positive imaginary root m6, let xf^siQ) ~ 
C[Qo]/C6. For an element a G C[(5o], we let a{m) denote the corresponding element in 
n'^siQ). Define e : Z^o x Z^" {±1} by 

e(a,/3) = (-ir("'« 

The graded vector space 

n'{Q)= KiQ) 

QeA+(Q) 

can then be given the structure of a Lie algebra by the following rules: 

r e(«,/3)e,+^ if « + /3 G A^^(g) 
[60,6/3] =< e(a,/3)a(m) if a + jS = mS 
[ if a + ^ A+(g) 

[a{m),ep] = e(a, /3)e(a, /3)e/3+^5 
[a{m),(3{n)] = 

Now let n denote the positive part of the affine Lie algebra g associated to Q. 
Theorem 4. The assignment 

extends to an isomorphism n ^ n'^iQ) 
For any root a G Z*^", define 
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where P is any indecomposable representation of Q in dimension a. This is well-defined 
because each indecomposable P in dimension m5 satisfies dim End(P) = m. Extend ^ to all 
of Z*5o arbitrarily. One can twist e to obtain a new cocycle e* by defining 

The two cocycles e and e* correspond to the same element in H'^{7fi^, Z/2Z). The Lie algebra 
xv^* {Q) obtained using e* in place of e is isomorphic to xi^{Q) via the map 

a{m) ^ ^{mS)a{m) 

— * _ — * 

4.2. The Hall algebras of CQ-mod and IlQ-mod. Let Q be an affine quiver. Define 

to be the set of G'L(a)-invariant, C-valued constructible functions on Iiep{Q,a). One can 
define a multiplication on the graded vector space 

C{Q) = 

using a certain convolution product. For e Ca{Q) and f/s e C^{Q), define a constructible 
function 

faxff,: Rep(g, a) x Rep(g, ^ C 

by the rule 

{fa X //j)(a;i,a;2) = fa{xi)f(3{x2) 
Let Corri be the variety consisting of all pairs of representations (V, 1^) such that W CV 
with y e Rep{Q,a + /3) and e Rep((5,Q;). Let Corr2 be the variety consisting of all 
quadruples (V, W, i,j) where {V, W) G Corri and the maps i : ^ W and j : ^ C^/W 
are isomorphisms. Define projections 

P2 : Corr2 — )■ Corri 

P3 : Corri -> Rep((5, a + ^) 
(V, W)^V 

Pi : Corr2 Rep{Q, a) x Rep((5, 
{V,W,i,j)^{V',V'') 

where V{a)it(a) = is{a)V'{a) and V{a)jt(a) = js(a)V"{(i) for all arrows a e Qi. The convolution 
product of fa and is then defined as 

fa* fp^ {Pz)*{P2\{piT{fa X fp) 
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Given three representations X, Y, and Z, define a complex variety 

G^ y = {W C Z\W = X, Z/W = Y} 

Let [X], [Y], and [Z] denote the characteristic functions of X, Y, and Z. Then the multiplicity 
of [Z] in the product [X] * [Y] is the Euler characteristic x(G^f-y)- 

The commutator [fa, f/s] = fa* fi3 — fi3 * fa defines a Lie bracket on C{Q). Let denote 

the Lie subalgebra of C{Q) generated by the characteristic functions {[S"!]!? G Qq}. It can 
be shown that /([M]) = for any constructible function / G and any decomposable 

representation M G CQ-mod ( |12l l3T]). One can check that the characteristic functions 
{[S'j]} satisfy the Serre relations 

(ad([5.]))i--[5,] = 

for i ^ j. 

For a G A^'^(Q), let denote the characteristic function of the indecomposable repre- 
sentations of Q in dimension a. Fix an extending vertex e G Qo and let = dim (P(e)). 
The choice of extending vertex gives us a parameterization of the tubes in Rep{Q). Let 
zi,--- ,zl G CP^ denote the points corresponding to the non- homogeneous tubes. Let 
ttij = dim{Pzij^i) and let Eij{m) denote the characteristic function of the indecomposables 
Pzi,j,mN^.- Finally, let Eq^ui) denote the characteristic function of the regular indecompos- 
ables in dimension m6 with top supported on e. 

Theorem 5. ([12\) The assignment 

Ca ^ Ea 

aij{m) Eij{m) - Eij+i{m) 
ao{m) i-T- — £'o(m) 

defines an isomorphism (Q) ^ 

Now consider the category of representations of Llg. Define the convolution algebra C{IIq) 
analogously to the construction of C{Q), i.e. by replacing the representation spaces Rep(Q, a) 
with the spaces Rep"'*'(nQ, a), etc. Denote the subalgebra of C(IIq) generated by the char- 
acteristic functions {[iSj]} by Hq. In this case, one can again check that the generators {[Sj]} 
satisfy the Serre relations 

{ad{[SSY-''"nSj] = 

for i ^ j. Any function / G Ca(n.Q) in Hq is constant on a dense open subset of each 
irreducible component in A^,. Moreover, for each irreducible component Z G IrrA^, there 
exists a function fz G Hq fl CaO^Q) that takes the value 1 on a dense open subset of Z and 
on a dense open subset of each irreducible component Z' G IrrAa — {Z} ([28j). For each 
a G Z^°, the functions {fz}zeirrAa form a basis for Hq fl CaiJ^q)- 

Note that any representation X G H^-mod naturally determines a representation of 
Q. This is obtained by letting all the "reverse" arrows act as 0. Denote this map by 
p : Ilg-mod — )■ CQ-mod. For a constructible function / G C(IIq), we can consider its 
restriction to representations X G Ilg-mod satisfying p{X) = X. Identifying these repre- 
sentations with representations of Q, we denote this new function by p*(/) G C{Q). Note 
that if X G Ilg-mod satisfies p{X) = X, then any subobject or quotient F of X in Ilg-mod 
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must also satisfy p(Y) = Y. It follows that the map p* : C(IIq) — )■ C{Q) is an epimorphism. 
Moreover, one can show that restricts to an isomorphism p* : Hq ^ M^. 

4.3. Semistable construction of n. In this section, we give a construction of n using 
the semistable representations of IIq. We first study how the representations of Q hft to 
representations of IIq. 

Lemma 1. A short exact sequence 

^ X ^ Z ^ 
in IIq -mod with p{X) = X and p{Y) = Y naturally determines a short exact sequence 

^ X ^ p{Z) ^ F ^ 

in CQ-mod. 

— * 

Proof. This follows easily from the definitions of CQ-mod and IlQ-mod. 

□ 

Corollary 1. If p{X) = X,p{Y) = Y, and [Z] appears in the Hall algebra product of [X] and 
[Y] in H^, then [p{Z)] appears in the product of[X] and [Y] considered inside M^. Moreover, 
the multiplicity of [p{Z)] in the second product is greater than or equal to the multiplicity of 
[Z] in the first product. 

Corollary 2. If X & Uq-mod has a composition series G Fi G F2 ■ ■ ■ G Fn G X such that 
Fi = p(Fi), F2/F1 = p(F2/Fi), ■ ■ ■ , Fn/Fn-i = p{Fn/Fn-i), then the projection p{X) has the 
same composition series. 

Proof. For ri = 2, the statement follows from Lemma 1. The general result follows by 
induction. 

□ 

Let A be an abelian category, let F : A ^ Ahe an endofunctor, and let X G Oh{A) be 
an object. The orbit algebra of 0^{X) is defined by 

0^(X) = ©„>oHom(F"(X),X) 

with multiplication given by 

f*g = foF\g) 
for / e Hom(F^(X),X) and g E Hom(F*(X), X). Define 

M^{X) = {/ G Hom(F(X),X)|/ is nilpotent in 0^{X)} 

The following can be found in [5^ : 

Proposition 3. (^) If X e CQ-mod, then p'\X) = J\f^{X) for r the Auslander-Reiten 
translation of CQ-mod. 

Now we consider different stability conditions on the categories CQ-mod and IlQ-mod. 
Note that any homomorphism A : KQ{7fi") — )■ Z defines a stability condition on both cat- 
egories. Moreover, if X G CQ-mod is A-semistable (respectively, A-stable) then it is A- 
semistable (respectively, A-stable) when considered as a IlQ-module. A root a G A(Q) is 
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said to be a Schur root if there exists a brick X G CQ-mod such that dim (X) = a. Because 
CQ-mod is hereditary, the moduh space Rep*(CQ, a)/ \GL{a) is non-empty for some stabil- 
ity condition A if and only if a is a Schur root ([23j)- In the case that a is a Schur root, 
any indecomposable representation in dimension a is stable with respect to the canonical 
character ([31]) 

dim jV) I— 7- e(a, dim jV)) — e( dim (V), a) 

It is easy to see that each preprojective and preinjective indecomposable representation of Q 
is a brick. It follows from [6l Theorem 1.1] that for any a G A'-^^^Q), all A^-stable Ilg-modules 
in dimension a are isomorphic to Pa- 

For regular roots, we define a stability condition 

Xreg ■ -f^Q (Hg-mod) Z 

dim (V) e(6, dim (V)) 

By Proposition 1, each regular CQ-module is Ar-e^-semistable. Moreover, by Proposition 3, 
each regular simple object in CQ-mod lifts to a unique IlQ-module. These are the Are^-stable 
objects in CQ-mod and Ilg-mod. It follows from Corollary 2 that the A^eg-semistable objects 
in rig-mod are exactly the modules X such that p{X) is a regular CQ-module. Moreoever, 
any such X is S-equivalent to p{X). 

In [13], the authors choose a generic stability condition for the dimension 6. They verify 
that a statement analogous to Theorem 1 holds in type Af^ . In this case, there are no non- 
homogeneous tubes, and their choice of stability conditions coincides with ours. In general, 
Xreg IS uot generic, and in fact it lies on the maximal number of walls. For types A^2\ 
A^^\ and Theorem 1 still holds when Xreg is replaced by a generic stability condition. 
However, for quivers with tubes of rank > 3, our choice of stability condition is necessary to 
ensure an isomorphism n ^ H^. We now give a proof of Theorem 1: 

Proof. Let denote the subspace of spanned by constructible functions supported on 

semistable irreducible components. Semistability is defined here using the stability conditions 
Xreg for regular roots and Aq, for each irregular root a. A Lie bracket is defined on 

by restriction of the bracket in H^. We follow a similar strategy to [12] to construct an 
isomorphism of Lie algebras $ : n'^*{Q) — > HV. This map lifts the isomorphism S : n*^ (Q) ^ 
in the sense that o $ = S. 

For a an irregular root, let Ea be the characteristic function of the isomorphism class of 
indecomposable representations in dimension a and define ^{ca) = Ea- If a and f3 are two 
irregular roots such that a + /3 G A^^^{Q), then it is clear that 

'^{[ea,ep]) = [$(e„),$(e^)] 

Fix an extending vertex e and let the points zi, ■ ■ ■ , zl E P^(C) index the non- homogeneous 
tubes in CQ-mod. Let Eij denote the characteristic function of the isomorphism class of 
regular simple objects Pzi,j,i considered as representations of Ilg and let aij = dim (Py,,jA). 
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In [12] it is shown that the corresponding elements Eij = p^,{Eij) in can be obtained by 

taking Lie brackets of elements Ea for irregular roots a. Extend $ by setting $(eQ,-^) = Eij. 

In non-homogeneous tubes indexed by 2:1, ■ ■ ■ ,zl, the characteristic functions of each iso- 
morphism class Pzi,j,i can be uniquely expressed as Lie polynomials in in the elements 

Ei j. Denote the corresponding Lie polynomials in by Eij^i and set Eij{m) = Eij^rnNz - 

We extend $ by setting $(6^^^. J = -Eij,; and $(ajj(m)) = Eij{m) — i?jj+i(m), where 

= dim (P^„-,j j). The elements Eij^i are well-defined because there are no relations be- 
tween characteristic functions corresponding to different tubes. 
Finally, let ao = dim (P(e)). Define an element 

Eo{m) = e*{ao,m6 - ao)[Eao, EmS-ao] 

Note that this bracket is defined by restricting the bracket in to semistable irreducible 
components. This is equivalent to restricting to modules X G Ilg-mod such that p{X) is 
indecomposable. Define $(ao(m.)) = Eo{m). 

The elements {aij{m)} and ao{m) form a basis for xf^siQ)- easily check that 

the assignments 

e„ E„ 



ao{m) I— 7- —Eo^m) 

extend to an isomorphism $ : rf*{Q) — > H^. By Theorem 4, this gives us an isomorphism 
n ^ HV. 

□ 

It follows from Corollaries 1 and 2 that the functions Eo{m) are supported on Ilg-modules 
that are S-equivalent to the regular modules in the support of Eo{m). Similarly, the functions 
Eij^i are supported on semistable Ilg-modules that are S-equivalent to Pzi,j,i- In dimension 
mS, these S-equivalence classes are exactly the semistable diagonals of [13] and [15] . 
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